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A contractive mapping on fuzzy 
normed linear spaces 


M. Saheli* 


Abstract 


In this paper, we use the definition of fuzzy normed spaces given by 
Bag and Samanta and provide four types of fuzzy versions of contraction. 
We show that these mappings necessarily have unique fixed points in fuzzy 
normed linear spaces. Moreover we prove that the presented theorems are 
indeed fuzzy extensions of their classical counterparts. 
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1 Introduction 


Banach contraction mapping principle is one of the fundamental consequences 
of analysis. This contraction mapping is an important object in metric fixed 
point theory. Also its emphasis lies on its wide applicability in branches of 
mathematics. Some contractive conditions have been introduced in [4,6,7,9, 
10). 

A natural question is whether we can provide contractive conditions which 
imply existence of fixed point in a fuzzy Banach space. Recently, Shukla and 
Chauhan [11] defined the concept of cyclic representation and proved some 
fixed point results for operators on complete fuzzy metric spaces. In [1], 
AL-Mayahi and Hadi proved that a-7-y-contraction functions have a fixed 
point on fuzzy metric space. Das and Saha [5] considered uniformly locally 
contractive mappings on a fuzzy metric space and showed that these functions 
have a unique fixed point. Manro and Tomar [8] focused on the compatibility 
and non-compatibility of pair of self-maps and established existence of fixed 
point of the compatible maps on fuzzy metric space. 

In this paper, we use the definition of fuzzy normed spaces given in [2] and 
discuss four types of fuzzy versions of contraction and some corollaries. 
We give below some basic preliminaries required for this paper. 
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Definition 1. [2] Let X be a linear space over R (real number) and N be 
A fuzzy subset of X x R such that for all z,ue€ X andce R 

(N1) N(a,t) =0 for allt <0, 

(N2) « = 0 if and only if N(z,t) =1 for all t > 0, 

(N3) Ifc £0 then N(cx,t) = N(a,t/|c|) for allt € R, 

(N4) N(a@+u,s+t) > min{N(a,s), N(u,t)} for all s,t € R, 

(N5) N(a,.) is a nondecreasing function of R and limy+4. N(az,t) = 1. 
Then WN is called a fuzzy norm on X. 


Assume that 

(N6) N(a,t) > 0 for all t > 0 implies x = 0, 

(N7) For « #0, N(a,.) is a continuous function of R and strictly increasing 
on the subset {t : 0 < N(a,t) < 1} of R. 


Definition 2. [3] Let (X,N) be a fuzzy normed linear space. 
i) A sequence {x,} C X is said to converge to x € X ( lim Ln = 2), if 


lim N(a, — 2,t) =1, for allt > 0. 

n—->co 

ii) A sequence {z,,} C X is called Cauchy, if lim N(#, —2@m,t) = 1, for 
n,m—oo 

all t > 0. 


Definition 3. If X is a vector space over R, a seminorm is a function 
p: X —+ [0,00) having the properties: 

(i) p(c(a)) = |c|p(x) for allc€ Randawe X. 

(it) p(w + y) < p(x) + p(y) for all a,y € X. 


Theorem 1. Let (X,N) be a fuzzy normed linear space. Define 
|z||a = inf{t > 0: N(az,t) > a}, a € (0,1). 


Then {||-||a : @ € (0,1)} ts an ascending family of seminorms on X and they 
are called a-seminorms on X corresponding to the fuzzy norm N on X. 


Proof. (i) Let x € X,c € Rand a € (0,1), we have 


|ca|la = A{t > 0: N(cz,t) > a} 
=A{t>0: N(a,t/|cl) > a} 
= A{|clt > 0: N(a,t) >a} 


= |ellltlla. 
(it) Let «,y € X and a € (0,1), we obtain that 


N(@+y, [lalla + llylla + €) 2 mint N (a, |lIla + €/2), NY; llylla + €/2)} 2 a, 


hence |e+ylla < lalla +llylla +e, as € — O then |lz+ylla < |l2lla+llylla- 
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2 Fixed point theorems 


At first we introduce the following notation. 

Denote W to be the set of functions wW : [0,++co) —> [0,+00) satisfying the 
following hypotheses: 

(i) w is continuous and nondecreasing, 

(ii) w(t) = 0 if and only if t = 0. 

We denote by ® the set of functions ¢ : [0,++co) —> [0,+00) satisfying the 
following hypotheses: 

(i) # is continuous and strictly increasing, 

(ii) o(t) = 0 if and only if t = 0. 


Theorem 2. Let (X,N) be a fuzzy Banach space and f : X —> X bea 
selfmap such that for allx,yEX,tER and ae (0,1), 


N(a— y,t) > a implies that N(f(x) — f(y),t -— v(t) > a, 


where € VU. Then f has a unique fixed point in X. 


Proof. Let xo € X and tn41 = f(an), for all n € N. Suppose that ¢ > 0, we 
have 


N(x —y,t) < N(f(x) — f(y),t— ¥(t)), for all x,y € X. 
Therefore 
N(n41 s at) < N(n+2 — In41,t — w(t)) < N(n+42 = Gerciet)s 


for alln € N. Hence {N(an41 — &n,t)} is a bounded and nondecreasing 
sequence. Thus limy-.5. N(an+1 — n,t) exists. Now we have 


N(x1 — %o,t + p(t) < N(wo— 21,t+ Y(t) — ot + Pd) < N(z2 —- 21,1), 
by induction on n, we obtain that 
N(a1 — %0,t + n(t)) < N(an41 —Un,t), for alln EN. 


As n —> oo, (N5) implies lim,_... N(@n41 — n,t) = 1, for all t > 0. 
Let t > 0, € > 0 and N € N such that 1—€ < N(ay4i — ay,t/2) and 
l—e< N(an4i1 —2n,W(t/2)). If l1—e < N(a — ay,t/2) then 


N(f(@) — en, t/2) > min{ N(f(x) — flew), t/2 — ¥(t/2)), 
N(f(aw) — en, ¥(t/2))} 
> min{ N(x —an,t/2), N(anai — en, (t/2))} 
>1-e. 
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Therefore 1—¢ < N(a, — xn,t/2), for all n > N, so 
N(&pn— @m,t) > min{ N(a, — xn, t/2), N(am — en, t/2)} > 1—e, 


for alln,m > N. Since e is arbitrary, {a,,} is Cauchy, hence it is convergent. 
Assume that limy5.5 %n = x. Let e > 0 andt > 0. Then there exists No > 0 
such that 1—e < N(a, —12,t) and 1l—¢e < N(a#— 2p, Y(t)), for alln > No. 
Hence 


N(f(a) — x,t) > min{N(f(x) — angi,t— v(t), N(@n4i — @, o(t))} 
2 min{ N(« = t,t); N(a44 = x, w(t))} 
>1-e, for alln > No. 
Therefore N( f(a) — x,t) = 1, for allt > 0. Hence f(x) =a. 


To prove the uniqueness of the fixed point, we let y be any other fixed point 
of f in X. Suppose that t > 0. Similarly, we have 


N(a—y,t+np(t)) < N(f(x) — fly), t) = N(v—y,t), for alln EN. 


As n —> oo, we obtain that N(a — y,t) = 1, for all t > 0, hence x = y. 


Corollary 1. Let (X,N) be a fuzzy Banach space and f : X —> X bea 
selfmap such that for allx,y€ X andt ER, 


N(f(x) — f(y), t- vt) 2 N(w—y,t), 


where wy € VW. Then f has a unique fixed point in X. 
Example 1. Let (X,||.||) be a Banach space and f : X —> X be a function 
such that 


IIf(a) — FITS lle — yll — YU — yll), for all ay € X, 


where w € VW. Assume that J — w is a nondecreasing function and ~(ft) < 
Bw(t), for all t € [0,+00), 8 € [0,1]. Define a fuzzy norm N as follows: 


t/llz|| , O<t< lal 
N(z,t)= 41 > ilall<t 
0 t<0. 
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Suppose that z,y € X,t > 0, a € (0,1] and N(a#—y,t) >a. 
Casel: Let ||a — y|| < t. Since I — w is nondecreasing, 


IIF(a) — FDIS lle — yll -— dla — yl) st- od). 


So N(f(x) — f(y), t-v(t)) =12>a. 
Case2: Let 0 < t < |la — yl]. So t/|la — y|| = N(@—y,t) > a. Hence 
a||x — y|| < t. Therefore 
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all f(x)—FY)I| < ella—yll-ov(la—-yll) < alla—yl|-Y(alle—yll) S$ t- vo). 


Thus N(f(x)— f(y),t-¥(¢)) = ¢- v(t) /(IF(@) — Fy) |) 2 @. By Theorem 
2, f has a unique fixed point in X. 


Example 2. Let [0,1] = X and ||x — y|| = |x — y|, for all x,y € X. Also let 
f:X — X and 7: [0,-+00) —> [0, +00) be defined as 


f(x) =a — (1/2)2x”, for all x € X, 


w(t) = (1/2)t?, for all t > 0. 


It is clear that I — w is a nondecreasing function and w(6t) < 6w(t), for all 
t € [0, +00), 6 € [0,1]. Define a fuzzy norm N as follows: 


t/llz|| , O<t< lal 
N(z,t)=41 » {lal <¢ 
0 » $<. 


Suppose that x,y € X. Without loss of generality, we assume that x > y. 
Then 


IIf(x) — F(y)I| = (@ — (1/2)”) — (y — (1/2)y”) 
= (#—y)— 1/2)(@— y)(@ + y) 
( — y) — (1/2)(@ — y)? 


< 
< lle — yll — ble — yl). 


By Example 1, f has a unique fixed point in X. 

Theorem 3. Let (X,N) be a fuzzy Banach space such that N satisfies (N7) 
and y : (0,+00) —+ [0,1) be a decreasing function, also f : X —>+ X be a 
selfmap such that for allx,y€ X,t>0 andae (0,1), 


N(x — y,t) = a implies that N( f(x) — f(y), o"(y()o(t)) = a, 


where 6 € ®. Then f has a unique fixed point in X. 


Proof. Let xo € X and tn41 = f(an), for all n € N. Suppose that ¢ > 0, we 
have 


N(a—y,t) < N(f(2) — f(y), 6 *()o). 
Therefore 


N(tn41 a red) s N(2n+42 — n+; o—*((t)d(t))) < N(2n+42 _ tas 1); 
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for alln € N. Hence {N(an41 — &n,t)} is a bounded and nondecreasing 
sequence. Thus lim... N(@n41 — Ln, t) exists. 

Assume that there exists t > 0 such that limp. N(@n4i-@n,t) << 8B < 1. 
Since N(an+2 — @n41,8) > N(a@n41— n, 8), for all s > 0, it follows that 


O<t< lente — 2n4ille S |]@n41 — Cnl|ls, for all n EN. 


Hence limy-+o0 ||@n41 — En||g exists. Let limp co |/@n41 — Ln||g =b >t > 0. 
If N(a@n41 — Xn, 8) > B then 


N(an42 — 2n41, 6 *(7(s)4(s))) > N(an41 — &n, 8) > B. 
Therefore ||an+2 — tn4illa < 7 '(9(s)¢(s)). Thus 
P(llanz2 — Ln4ills) < y(s)O(s) < V([len41 — Lnlla)o(s) < 7(b) G(s). 
es . 


which is a contradiction. Hence limp... N(@n41 — £n, t) = 1, for allt > 0. 
Let t > 0, € >0 and N EN such that 


16 < N(ow41 —2N,t/2— 6 Ualt/2)60t/2)). 
Ifl—e< N(a—2y,t/2) then 
N(f (x) — an, t/2) > min{N(f() — on41, 67" (y(t/2)6(t/2))), 
N(2n41 — tn, t/2 — 6 *(y(t/2)9(t/2)))} 
> min{N(« — an,t/2), 


N(an+41 — tn, t/2 — $*(y(t/2)$(t/2)))} 
>l-e 


Therefore 1—¢ < N(a, — xn,t/2), for all n > N, so 
N(an — &m,t) > min{ N(2, — an, t/2), N(am — tn, t/2)} > 1—e, 


for alln,m > N. Since «€ is arbitrary, {x,,} is Cauchy, hence it is convergent. 
Assume that limyn +o %n = 2. Let « > 0 and t > 0, then there exists No > 0 
such that 1 —e < N(r, — 2,t — (y(t) ¢(t))), for all n > No. Hence 


N(f(x) —2,t) > min{N (f(x) — en 41,67* (yO) 9(4)), 
N(angi — 2, t— 6 *(7()(4)))} 
> min{N(a — ay,t), N(an41 — 2,t — 6 *(y(4)9(E)))} 
>1-e, for alln > No. 


Therefore N(f(x) — x,t) = 1, for allt > 0. Hence f(x) = 2. 
To prove the uniqueness of the fixed point, we let y be any other fixed point 
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of f in X. If there exists ¢ > 0 such that 0 < N(x — y,t) <1, then 


N(x —y,t) < N(F(2) — FY), dd) 
< N(f(x) — Fy), 4) 
= N(x > y, t), 


therefore N(x —y, 6 "(y(#)¢(t))) = N(w—y,t). By (N7), t= 6" (y(t) ¢(), 
we get g(t) = y(t)d(t). Hence y(t) = 1, which is a contradiction. Thus 
N(a— y,t) =1, for allt > 0, sox = y. 


Corollary 2. Let (X,N) be a fuzzy Banach space such that N satisfying 
(N7) and y : (0, +00) —> [0,1) be a decreasing function, also f : X —> X 
be a selfmap such that for alla,y © X andt > 0, 


N(f(x) — f(y), 9" (V()9(t) = N(x y, 4), 
where bE ®. Then f has a unique fixed point in X. 


Example 3. Let (X,]||.||) be a Banach space and ¥ : (0, +00) —> [0,1) be 
a decreasing function and f : X —> X be a function such that 


AF) — FID < Va — ylDeUlx — yl), for all x,y € X, 


where @ € ®. 
Assume that y@ is a nondecreasing function and 


B(G* (y(t) O(4))) < o *(q(Bt)o(Bt)), for all t € [0, +00), 6 € [0,1]. 
Define a fuzzy norm N as follows: 
t/|lc| , O<t<|lal 
N(a,t)=9 1 > [zl <t 
0 » VERSO, 


Suppose that z,y € X,t>0,a€ (0,1) and N(a—y,t) >a. 
Casel: Let ||a — y|| < t, since yd is nondecreasing, 


AF(@) — FID < Wa — yee — yll) S$ VO). 
So || f(z) — f@)Il < o*(7()e@)). Hence 
N(f(x) — f(y), 6 * (He) =12 a. 


Case2: Let 0 < t < |la — y||. So t/||z — y|| = N(a — y,t) > a. This implies 
that alla — y|| < t. Therefore 
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all f(z) — FYI < ao" (V(x — yllv(lla = yl) 
< $*(y(allx — yl) (alle — yll)) 
< o*(y(H)o(0)). 


Thus N(f(x) — f(y), @ *(y@)e@)) = (6 Ho) /UF@) — Fy)|I) = @. 
By Theorem 3, f has a unique fixed point in X. 


Example 4. Let [0,1] = X and ||x — y|| = |x — y|, for all x,y € X. Also let 
f:X — X,7: (0, +00) — [0,1) and ¢: [0,+c0) —> [0, +00) be defined 
as 

f(x) = 2°, for all z € X, 


o(t) = (1/2)t?, for all t > 0, 
y(t) = 1/t for all t > 0. 


It is clear that y is a nondecreasing function and 8(¢~'(y(t)d(t))) < 
6 +(7(Gt)o(6t)), for all t € (0,+00), 8 € [0,1]. Define a fuzzy norm N 


as follows: 
t/a) , O<t<|la| 
N(az,t)= 41 » (lz <t 


0 . <0, 


Suppose that x,y € X. Without loss of generality, we assume that x > y. 
Then 


f(x) — FM) = @* -y? 


= $*(y(lle — yll)o(llz — yl). 


By Example 3, f has a unique fixed point in X. 


Theorem 4. Let (X,N) be fuzzy Banach space such that N satisfying (N7) 
and f : X —+ X be a selfmap such that for allz,y € X,t >0 anda e (0,1), 


N(x — y,t) > @ implies that N(f(x) — f(y), e7'(y) — 6())) 2 a, 


where 6,y € ® and y(t) > d(t), for allt > 0. Then f has a unique fixed 
point in X. 


Proof. Let xo € X and %n41 = f(an), for all n € N. Suppose that ¢ > 0, we 
have 


N(x —y,t) < N(f(2) — f(y), *() — 6). 
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Therefore 
N(@n+1 —%n,t) S N(ent2 — tn41,9 *(v(t) — 6@))) S N(@nt2 — tn4154), 


for alln € N. Hence {N(an41 — &n,t)} is a bounded and nondecreasing 
sequence, and limp—.o N(an41 — &n, t) exists. 

Assume that there exists ¢ > 0 such that limp. N(a@n41i—2n,t)< 6B <1. 
Since N(an+42 — @n41,8) > N(&@n41—%n, 8), for all s > 0, then 


0<t< |ltnz2—-2n41|l6 < ||en41 — tn\|g, for alln EN. 


Therefore limp-_;o9 ||2n41 — nll exists. Let limy_.oo ||@n41 —2nllg = 0 > t > 
0. If N(an41 — Xn, 8) > 8 then 


N(am42 — @n+1,¢1(p(8) — 0(8))) > N(tn41 — an, 8) > 8, 
and |lan42 — tnsalla < ¥-*(y(s) — 4(s)). Thus 
plltns2 — tnsills) < ¥(s) — 4(8). 
As s —> |lan41 — &nllg, one can get 
Plllens2 — ensilla) < g([lens1 — enlla) — O(kensa — 2nlla): 


As n —> oo, we obtain that 0 < y(t) < y(b) < y(b) — o(b) < ¢(b), which is 
a contradiction. Hence limp. N(@n4i — ¢n,t) = 1, for all t > 0. 
Let t > 0, € > 0 and N EN such that 


1—e < N(an41 — tw, t/2— p"*(p(t/2) — $(¢/2))). 
Ifl—e< N(a#—2y,t/2), then 
N(f(x) — an, t/2) = min{N(f(x) — en 41,9" "(v(t/2) — $(¢/2))), 
N(an41 — tn, t/2— p *(p(t/2) — $(t/2)))} 
> min{N(a — xyn,t/2), 


N(an4i — 2n,t/2— p*(y(t/2) — o(t/2)))} 
>1-e. 


Therefore 1—¢ < N(a, — xn,t/2), for all n > N, so 
N(&n — Lm,t) > min{ N(a, — xn, t/2), N(am — @n,t/2)} > 1—e, 


for alln,m > N. Since « is arbitrary, {x,,} is Cauchy, hence it is convergent. 
Assume that limyn +o %n = 2. Let e > 0 and t > 0, then there exists No > 0 
such that 1 —e < N(a, — 2,t— y+(y(t) — 4(t))), for all n > No. Hence 
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N(f(x) —2,t) > min{N(f(x) — ev 41,9" (y(t) — o(t))), 
N(tn41 — 2,t— y * (p(t) — (t)))} 
> min{N(a —ay,t), N(an41 — 2,t — 6 *(y(4)9(E)))} 
>1-e, for alln > No. 


Therefore N( f(x) — x,t) = 1, for allt > 0, so f(x) =a. 
To prove the uniqueness of the fixed point, we let y be any other fixed point 
of f in X. If there exists t > 0 such that 0 < N(x — y,t) < 1 then 


N(x — y,t) 


therefore N(x — y,6~'(y(t)¢(t))) = N(a — y,t). By (N7), we obtain that 
t= y!(p(t) — d(t)), then y(t) = y(t) — 4(t). Hence o(t) = 0, and t = 0, 
which is a contradiction. Thus N(a — y,t) = 1, for allt > 0, so x = y. 


Corollary 3. Let (X,N) be fuzzy Banach space such that N satisfying (N7 
and f : X —+ X be a selfmap such that for allx,y € X andt > 0, 


N(f(x) — f(y), ¢" (v(t) — 6(4))) = N(x-y,t), 


where 6,y € ® and y(t) > d(t), for allt > 0. Then f has a unique fixed 
point in X. 


Example 5. Let (X,||.||) be a Banach space and f : X —> X be a function 
such that 


oI F(@) — FYI) < elle — yll) — e(lx — yll), for all ay € X, 
where y,¢@ € ®. Assume that y — ¢ is a nondecreasing function and 
B(e~* (v(t) — 64) S$ e*(H(BE) — 9(6t)), for all t € [0, +00), 6 € [0,1]. 
Define a fuzzy norm N as follows: 
t/|lzl| , O<t< [all 
N(z,t)=41 » lal <t 
0 e Ue: 


Suppose that z,y € X,t>0,a€ (0,1) and N(a—y,t) >a. 
Casel: Let ||a — y|| < t. Since y — ¢ is nondecreasing, 


elf) — FWD < elle — ¥ll) — elle — yl) < e® — oC). 
So ||f(x) — F(W)I| < e-*(~@ — ¢(t)). Hence 
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N(f(x) — fy), @ (vt) — $(t))) =12 a. 


Case2: Let 0 < t < |la — yl]. So t/|la — y|| = N(@—y,t) > a. Hence 
all — yl| <t, and 


all f(x) — FMI S ae" (Ula = yll) — YUlla — yl) 
g (valle — yll) — o(al|x — yll)) 
e *(v(t) — o(t)) 


< 
= 
N(f(2) — f(y), e *(e(t) — 6) = (YE) — o®))/MF(@) — F(y)I)) 2 @ 


By Theorem 4, f has a unique fixed point in X. 


Theorem 5. Let (X,N) be fuzzy Banach space such that N satisfying (N7) 
and f : X —>+ X be a selfmap such that for all x,y € X, s,t > 0 and 
a € (0,1), 


N(a— f(y),t) >a and N(f(x) — y,s) > @ implies that 


N(f (x) — f(y), 1/2(t + 8) — Ot, 8)) 2 a, 


where 0 : [0, +00)? —+ [0, +00) is a continuous mapping such that 0(x, y) = 0 
if and only ifx=y=0. Then f has a unique fixed point in X. 


Proof. Let xo € X and &n11 = f(x), for all n € N. Suppose that ¢ > 0, so 
N(f(x) — f(y), 1/2(t + s) — A(t, s)) = min{N(x — f(y), t), N(f(x) — y, 8)}, 
for all s > 0. Therefore 


N(fn41 — Un, 1/2(2t + s) — O(2t, s)) > min{ N(x, — rn, 8), 
N(fn41 —IZn-1; 2t)} 
= N(an41 — fn-1, 2t), 
for all s > 0. As s —> 0, we obtain that 
N(@n41 — Zn, t-— 6(2t, 0)) > N(fn41 — In-1, 2t) 
> min{N(en41 — Ln, t), N(an — Ln-1, bt}, 


for alln € N and all t > 0. Let there exists tg > 0 and no € N such that 
N(no+1 — Eno, to) < N(2ng — Lno—1, to). By (7) and (N5), there is t) > 0 
such that 


0 < N(@no+41 _ Lng; to) < N(ano+1 _— Ino; to + t1) me N(ano _ Lny—1, to) <1 
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Hence 


N(@n41 —2Zn, (to + t1)) (Un41 — Zn, (to + ti) - 6(2(to + t), 0)) 


(tn41 — Zn; (to + t1)). 


Thus N(an41 —TZIn, (to +t1)) = N(fn41 Lins (to t ty) 0(2(to t t1), 0)). By 
(N7), (to + ti) = 0(2(to + t,), 0) = to 048 So 0(2(to + t,), 0) = 0 which is a 
contradiction. In addition N(an41 — @n,t) > N(an — 2n-1,t), for all t > 0 
and alln € N. Therefore limp... N(@n41 — Ln,t) exists. 

Assume that there exists ¢ > 0 such that limp. N(a@n41—2n,t)< 6B < 1. 
Since N(an+42 — @n41,8) > N(@n41 —&n, 8), for all s > 0, it follows that 


0<t< |ltnz2-2n4i|l6 < ||en41 — ¢n\|g, for alln EN. 


Thus lim, 00 ||Cn41 —2n||g exists. Let limp, oo |[Cn41—-Ln||g =b >t > 0. If 
N(@n41—2n, 8) > 8, then N(an42—-2n41, 8—O(28,0)) > N(a@n41—2n, 8) > B. 
50 |[tn+2 — Fn4illa < $s — 9(2s,0). As s —> ||an41— 2n||s, we obtain that 
len42 —2nsile < [Inst — tlle — 82[lens1 —2nllp,0). Asn —> 00, we get 
0<t<b< b—0(2b,0) < b and 0(2b, 0) = 0, which is a contradiction. Hence 
limp oo N(@n41 — €n, t) = 1, for all t > 0. 

Next we show that {x,,} is a cauchy sequence. If otherwise, then there exist 
to > 0, 6 € (0,1) and increasing sequences of integers {m;} and {nz} such 
that N(an, —m,,to) < 8 and N(#p,-1 — &m,,to) > B, for all k € N. Since 
limn+oo N(an41 — £n, t) = 1, for all t > 0, it follows that 


Jim, l2n,, * Ln,—1\l8 =0= im, l|Prn, _ Lm,—1I\lB- 
Moreover 


0 < to < |Cn, = Lm, Is 


< |Zn,-1 In, [|e |Zm, Tn,-1||8 
<to+ lzn, =: In,—1|la, 


for allk € N. As k —> «~, which leads to 
dim, llZn,, = Tm, lle =to= jim, ltm, _ Ln,—1\|B- 


Now we have 


2m a En, lp < zee = Im, lle ar |Pmn—1 In, |e len, In,—1l6 
and 


|2m,-1 3 Tn, |e < |2m,-1 ~ Im, (|e a lZm, = In, (le, 
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for allk ¢ N. As k —+ ov, we obtain that lim,-. ||@n, — &m,—1\|8 = to. If 
N(@n,-1 — m,,t) > 6B and N(ap, — &m,—-1,8) > 6 then 


N(fn, — Um,,1/2(t + 8) — A(t, s)) > B. 
Hence 
Zin, — Cn, lle < 1/2(t + s) — A(t, s). 
As t — ||@m, — n,—1||g and s — ||@m,—-1 — n,||a, we get 
2m, — Fnglla < 


1/2([@ms —®n,—a1lla+|l2m,—1— Lng lla) —8(ll2my — 2rg—all ll@m,-1 — ng ll)» 
for all k ¢ N. As k —> on, we have to < 1/2(to + to) — A(to, to). Therefore 


6(to, to) = 0 which is a contradiction. Thus {x,} is Cauchy, hence conver- 
gent. Assume that limyn.. @n = @. 


Next we show that limps. N(f(x)—an,t) = 1, for allt > 0. If otherwise, 
then there exist to > 0, @ € (0,1) and increasing sequences of integers {nx} 
such that N(f(x)—an,,to) < 6, for allk € N. Since lim,.. N(x—ay,t) = 1, 
for all t > 0, it follows that lim, -,.. ||@n — x||g = 0. We have 


Ilf(z) — nla < lle — zalle + I|f(e) — alle 
and 
I|f(z) — alla < || F(@) — alle + llen — alle, 


for alln € N. As n —> ov, we obtain that limps. || f(x) — tnll|e = || f(x) - 
x\|g. If N(a@n,-1 — f(x), t) > 6 and N(a,, —2,s) > 8, then 


N(f(@) — &n,,1/2(t + s) — O(t, s)) > min{ N(x — an, ,t), N( f(x) — tn,-1, 8)} 
Pp. 


Therefore || f(x) — 2p, ||g < 1/2(t+s) —6(t, s). As t —> ||f(v) —2n,-1]|¢ and 
s—> |v —2n, ||, we get 


0< to < ||f(z)-—an,\le < 


1/2([f(@) — &n,—-alle + lla — ang lla) — OF) — n,—rllas [le — eng lla), 


for all k € N. As k —+ oo, one can obtain 


0<to < ||f(x) — alla < 1/2I[f(a) — alla — OF (@) — alla, 0). 
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So A(\|f(@) — z||g,0) = 0, which is a contradiction. This implies that 
limn +o N(f(«) — tp,t) = 1, for all t > 0. By (V4), we have 


N(f(a) —«,t) > min{N(f(x) — ty,t/2), N(x — ay, t/2)}, for all t > 0. 


As n — oo, we obtain that N(f(z)—2,t) = 1, for allt > 0. Hence f(x) = a. 
To prove the uniqueness of the fixed point, let y be any other fixed point of 
f in X. If there exists t > 0 such that 0 < N(# —y,t) < 1, then 


N(x —y,t) = N(f(x) — f(y), t) 
= N(f(x) — fly), t — o(¢, ¢)) 
2 min{ N(x — f(y),t), N(f(x) — y, t)} 
= min{N(a— y,t), N(a— y,t)} 
= N(x — y,t). 


Therefore N(x — y,t — O(t,t)) = N(a — y,t). By (N7), O0(t,t) = 0 which is a 
contradiction. Thus N(# — y,t) =1, for allt > 0. Sox=y. 


Corollary 4. Let (X, N) be fuzzy Banach space such that N satisfying (N7). 
Also f :X —> X be a selfmap such that for all x,y € X and s,t > 0, 


N(f(a) — f(y), 1/2(¢ + s) — O(t, )) = min{ N(# — f(y), t), N(f(@) — y 8)}, 


where 8 : [0, +00)? —> [0,+00) is a continuous mapping such that 0(x, y) = 0 
if and only ifx =y=0. Then f has a unique fixed point in X. 


Example 6. Let (X,||.||) be a Banach space and f : X —> X be a function 
such that 


IIF(x) — FYI < 1/2 le — FDI + IF@) — ylD — Ole — FOIL MF) — gl), 


for all x,y € X, where @ : [0,-+00)? —+ [0,+00) is a continuous mapping 
such that 0(x,y) = 0 if and only if# =y=0. 

If S1 < $2 and ty < to then 1/2(t1 + $1) = A(t, $1) < 1/2(te + $2) — O(ta, $2), 
for all s1,t1,52,t2 > 0 and @(8t, Gs) < GB@(t,s), for all t,s > 0, 6 € [0,1]. 
Define a fuzzy norm N as follows: 


t/\lz|| , O<t< Ia 
N(a,t)=¢ 1 » |lzll<t 
0 , t<0. 


Suppose that x,y € X,t > 0, a € (0,1), N(w— f(y),t) > a and N(f(x) - 
y,8) >a. 
Casel: Let ||~ — f(y)|| < ¢ and || f(a) — y|| < s. Then 
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f(x) — FYI < 1/2( 2 — FO) + IF) — yl) — A(z — FILM A(@) — yl) 
< 1/2(t +s) — 0(t,s). 


Thus N(f(x) — f(y), 1/2(t+ s) — @(¢,s)) =1>a. 
Case2: Let 0 <t < lle — fly)l| and [|f(z) — yll < 5. So t/lle — F(y)ll = 
N(e—y,t) > and |[x— f(y)|| < s. Hence allx—f(y)|| < tand ||f(2)—yll < s. 
Therefore 


all f(x) — FI S a(1/2(lle — FDI + IF@) — yl) — Ole — FOI, 


I f(x) — yll)) 
< 1/2(a||a — F(y)|| + all f@) — yll) — Oalla — FIL 
al| f(x) — yl) 


< 1/2(t+ s) — O(t, s). 
Thus 
N(f(@)— f(y), 1/2(t+8) —O(, s)) = (1/2(t+8)—9(¢, s))/(F(@)— FI) = a. 
Case3: Let 0 < t < ||a — f(y)|| and 0 < s < ||/f(x) — yl]. So t/|la — yl] = 
N(a-y,t) 2 wand s/||f(x)—yl| = N(f(x)—y, 8) 2 a. Hence allx—f(y)|| <t 
and al| f(x) — y|| < s. Therefore 


all f(x) — FI < a(1/2(le — FOIL + IF@) — yl) — Ale — FOIL, 


I f(x) — yll)) 
< 1/2(al|a — F(y)|| + all f@) — yl) — Oalla — FY)IL 
al| f(x) — yl) 


< 1/2(t + 5) — 6(t,8). 

Thus 

N(f(@)— f(y), 1/2(t+8) —O(E, s)) = (1/2(t+8) —O(¢, s))/(|F(@)— FI) = a 
Case4: Let ||2 — f(y)|| < ¢ and 0 < s < ||/f(x) — y||. Similar to case2, we 


( 
obtain that N(f(x) — f(y), 1/2(t + s) — @(t,s)) >a. 
By Theorem 5, f has a unique fixed point in X. 


3 Conclusion 


We have introduced four contractive conditions in fuzzy normed linear spaces 
and proved some results about fixed point theorem. In fact, the established 
properties are the extended fuzzy forms of some classical contractive proper- 
ties. To reveal this fact, some examples have been studied. 
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